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Abstract20

In this paper, we address fundamental computational challenges within the21

framework of numerical analogies. In particular, we consider the computation22

of analogical powers, which somewhat quantify the analogical relationship23

between the four numbers. Prior work established the feasibility of using a24

bisection algorithm to search for this value, but the efficiency of this search25

is entirely dependent on having tight bounds.26

The latter motivates this paper’s first objective, namely, to precisely de-27

fine the necessary search space. For that, we prove lower and upper bounds28

for the analogical power of a given numerical analogy that reliably minimize29

the search space for the bisection algorithm that ensures the exact compu-30

tation of analogical powers with guaranteed termination. To avoid compu-31

tation burdens, we also propose a closed-form approximation of analogical32

powers based on a generalized sigmoid function. Both the bounds and the ap-33

proximation methods are rigorously assessed in terms of their conformance,34

deviation, and computational time complexity.35

The practical utility of our results is demonstrated through an applica-36

tion to image processing. We integrate both the exact (bound-enabled) and37

approximate computational methods into the process of “analogical pooling”38

for image reduction and reconstruction tasks, using the MNIST dataset as a39

benchmark. The experimental results provide a comparative analysis of the40

trade-offs between computation time and resulting image quality.41

This work significantly advances the feasibility and applicability of ana-
logical reasoning in real-world applications and complex high-dimensional
downstream tasks. It provides theoretical results immediately usable in these
real-world applications.
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powers, image reconstruction43

1. Introduction44

Research on analogy in artificial intelligence (AI) originated from works in45

cognitive sciences. Back in the era of symbolic AI, one of the most influential46

works was the book by Hofstadter and the Fluid Analogies Research Group47

(1994) in which a chapter, Chapter 5, written in collaboration with Mitchell,48

proposed computational approaches to solve analogy puzzles. An example49

is: “Suppose that abc is changed into abd, how would you change ijk in the50

same way?” This can be written abc : abd :: ijk : x. The word analogy51

itself applied to this kind of pattern comes from ancient Greece, where it first52

referred to an equality of ratios between numbers, like, say, “2 is to 3 as 453

is to 6”, written 2 : 3 = 4 : 6 at elementary school. This evidently involves54

four terms. The pattern was extended outside of mathematics already during55

Greek antiquity. “Medicine is to cuisine as justice is to rhetoric” is an analogy56

used in Plato’s Gorgias.57

In the era of AI manipulating numerical representations in combination58

with machine learning techniques, analogy has been used in two ways. The59

first way considers Boolean-valued features. Formalization and techniques60

for the use of analogy on binary representations have been proposed (Klein,61

1982; Prade and Richard, 2017) and demonstrated on standard datasets for62

classification, e.g. (Bounhas and Prade, 2024). To inquire into the foundation63

of Boolean analogy, connections with logic have also been explored (Antić,64

2022, 2024). But numerical representations in modern AI go beyond Boolean65

representations. This is the case for the concept of four-term analogy “A66

is to B as C is to D” which has triggered much interest with numerical67

representations of words derived from distributional semantics in natural68

language processing (Mikolov et al., 2013). In this case, and this constitutes69

the second way, analogy is understood as arithmetic analogy. That is, if the70

vector associated with an object X is noted by X⃗, the analogy “A : B :: C :71

D” is interpreted as A⃗− B⃗ = C⃗ − D⃗.72

Numerical analogy, as introduced in (Lepage and Couceiro, 2024) and73

Cunha et al. (2026), generalizes the two previous ways of using analogy. In74

a numerical analogy, the terms are real numbers. The above-cited articles75

showed how numerical analogy covers the cases of Boolean analogy with the76

same semantics. More importantly, a numerical analogy is characterized by77
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a so-called analogical power, creating an infinity of different types of analogy.78

Arithmetic analogy is just one type among this infinity of types, namely79

the case where the analogical power is 1. The use of numerical analogy80

has already been exemplified in preliminary works in image reconstruction81

or in the exploration of number sequences (Pilimon et al., 2025; Qi et al.,82

2025). Its application to classification is also in progress. As the analogical83

power characterizes the type of an analogy, its determination for a given84

quadruple of real numbers is crucial. The implementation of algorithms85

for that purpose in the C programming language provides relatively fast86

computation. A current implementation using the bisection method (Lepage87

and Couceiro, 2025) computes one million analogical powers in less than 288

seconds. Although such speed is reasonable, it might not be enough for the89

massive computation of analogical powers in processing large images, or, if90

one envisages the use of numerical analogy in new types of neural networks91

with intense demand for computing several billions of analogical powers.92

The purpose of this article is to explore theoretical foundations in the93

computation of analogical powers and explore the possibilities of speed-up94

by proposing approximations in computation.95

The main contributions of this paper are threefold.96

• Firstly, the existing bisection algorithm for the computation of analog-97

ical powers requires initial bounds, and this article proposes suitable98

ones and provides proofs for their determination.99

• Secondly, this article explores approximations of analogical powers.100

Several approximations are proposed and are experimentally validated101

by measuring computation time and quality. One aspect of quality is102

to ensure that approximated values lie between the theoretical bounds.103

• Thirdly, we empirically show the feasibility and applicability of analogi-104

cal reasoning for real-world applications and complex high-dimensional105

downstream tasks, such as image processing and reconstruction.106

The paper is structured as follows. In Section 2, we recall some historical107

background and justify the terms we use. We give the necessary definitions108

and reminders for the following developments. In particular, we stress the109

notion of analogical power because the topic of this article is to give bounds110

and approximations for it. Because the range of values for analogical powers111

is different depending on the sign of the terms in an analogy, we recall that112
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all cases can be reduced to only two cases to inquire. Sections 3 and 4113

give bounds in these two respective cases. The case where some terms are114

negative is decomposed into two further sub-cases for which different bounds115

are given. Section 5 deals with the approximation of the analogical power in116

the case of positive numbers. In particular, it examines whether the proposed117

approximations are framed in the bounds obtained in Section 3. Section 6118

is a demonstrative application of approximated computation of analogical119

powers in the task of reconstruction of images.120

2. Notation and definitions121

When the objects in an analogy are not numbers, the ratios and the122

equality might not be so well-defined. In all generality, the symbol :: is thus123

preferably used to =. Whatever the kind of ratio, the symbol : is traditionally124

used. An analogy is thus noted a : b :: c : d in a standard manner. Over125

time, specific and standard terms have been established by tradition to name126

the components in an analogy. a and d are called the extremes and b and c127

the means. Nonetheless, we will use non-classical more explicit wordings to128

reduce the reader’s cognitive load: outer terms and inner terms in place of129

extremes and means, and sometimes average instead of mean.130

The formalization of analogy in all generality, on any kind of objects, led131

to the identification of several fundamental properties. In particular, eight132

equivalent forms for the same analogy can be obtained by the inversion of133

ratios, the symmetry of ::, or by permutation of the extremes or the means.134

a : b :: c : d b : a :: d : c c : a :: d : b d : b :: c : a
a : c :: b : d b : d :: a : c c : d :: a : b d : c :: b : a

(1)

As mentioned above, the term analogy was first reserved for numbers and135

the equality of ratios, that is, geometrical analogy. But it was rapidly ex-136

panded to other kinds of relations between four terms. Arithmetic analogy,137

which states that a− b = c− d, is a first example. A second example is har-138

monic analogy emerging from the study of harp chords by the Pythagorean139

school. As a curiosity, the musical proportion1 is the geometric analogy be-140

tween two numbers taken as its outer terms (extremes) and their arithmetic141

1Which might have been known already in Ancient Babylon.
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and harmonic means taken as its inner terms (means).2142

a :
a+ d

2
::

1

1/2(1/a+ 1/d)
: d (geometric) ⇔ a× d =

a+ d

2
× 2 (a× d)

a+ d
(2)

This shows that the link of analogy with the notion of average has been143

established early in History. This link states that, in an analogy, the average144

of the outer terms (extremes) is equal to the average of the inner terms145

(means). For instance, in an arithmetic analogy, the arithmetic mean of a146

and d, 1/2(a+ d), is equal to the arithmetic mean of b and c, 1/2(b+ c).147

a : b :: c : d (arithmetic) ⇔ a− b = c− d ⇔ 1

2
(a+ d) =

1

2
(b+ c) (3)

Although several kinds of averages, harmonic, arithmetic, geometric, or quad-148

ratic, had been identified, a generalization of the notion of all these different149

averages was not offered until the xixth century (Hölder, 1889).150

Definition 1. The generalized mean (average) of two numbers a and d is
defined as

mp(a, d) =

(
1

2
(ap + dp)

)1/p

,

for p ∈ R∗, and, if the limits exist, mp(a, d) = limr→p mr(a, d), for p ∈151

{−∞, 0,+∞}. For negative numbers, exponentiation is considered using the152

principal branch of the complex logarithm, which is defined through the prin-153

cipal argument.154

This naturally leads to the generalization of analogy by simply positing155

the equality of the same kind of means for the outer terms (extremes) and156

inner terms (means).157

Definition 2. Given four numbers a, b, c and d in R, they make a numerical158

analogy if there exists a p ∈ R ∪ {−∞,+∞}, such that mp(a, d) = mp(b, c).159

We denote this analogy in analogical power p by writing a : b ::p c : d.160

2Again, caution with the two meanings of mean in this article. In plural, and by
contrast with the outer terms which are called the extremes, it refers to the inner terms,
i.e., b and c, in an analogy a : b :: c : d. And in singular or plural, it may refer to the
average of two numbers, for instance, the arithmetic, geometric, or harmonic means.
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Table 1: Examples of analogies.

Terms Power Equality of gen. means Analogy
a, b, c, d p mp(a, d) = mp(b, c) a : b ::p c : d

2, 2, 5, 67 −∞ min(2, 67) = min(2, 5) 2 : 2 ::−∞ 5 : 67
minimum

8/5, 2, 4, 8 -1
1

1

2

(
1

8/5
+

1

8

) =
1

1

2

(
1

2
+

1

4

) 8

5
: 2 ::−1 4 : 8

harmonic

2, 4, 8, 16 0
√
2× 16 =

√
4× 8 2 : 4 ::0 8 : 16

geometric

1, 64, 343, 512 2/3

(
1

2
(12/3 + 5122/3)

)3

2
1 : 64 ::2/3 343 : 512

=

(
1

2
(642/3 + 3432/3)

)3

2
no specific name

5, 7, 10, 12 1
1

2
(5 + 12) =

1

2
(7 + 10) 5 : 7 ::1 10 : 12

arithmetic

1, 81, 100, 144 3/2

(
1

2
(13/2 + 1443/2)

)2

3
1 : 81 ::3/2 100 : 144

=

(
1

2
(813/2 + 1003/2)

)2

3
no specific name
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Table 1 illustrates the notion with different powers.161

Below, we rely on several results established in (Malaca et al., 2026)162

(under review) that we recall here. The analogy respects the eight equivalent163

forms in Formula 1 and is invariant to transforming all terms in their additive164

inverse. Therefore, if the terms are non-null, there are four cases to consider:165

all terms are positive (a : b :: c : d – Theorem 1), exactly one term is negative166

(−a : b :: c : d – Theorem 4), only the first two terms are negative (−a : −b ::167

c : d – Theorem 2), and only the extremes are negative (−a : b :: c : −d –168

Theorem 3).169

We do not consider the special cases where p is not unique or infinite,170

because these cases can be easily identified and do not require searching for171

the analogical powers, bounding them, or approximating them.172

Secondly, apart from these special cases, Theorems 2 and 3 show that, in173

fact, only the two cases described in Theorems 1 and 4 have to be considered.174

As the analogical power is unique, it makes sense to look for its bounds. In175

Theorems 1, 2, 3, and 4, it is enough to assume that a, b, c, and d are pairwise176

distinct in absolute value.177

Theorem 1 addresses the case where all the terms are positive. It states178

that there always exists a numerical analogy, that is, there always exists a179

power p such that a : b ::p c : d if the terms are positive real numbers and180

sorted in increasing order.181

Theorem 1 (Lepage and Couceiro (2024)). Any four positive real numbers
in increasing order make an analogy in a unique power.
∀(a, b, c, d) ∈ (R+)

4 , 0 ≤ a < b ≤ c < d,

∃! p ∈ R s.t. a : b ::p: c : d.

We need to address the cases where some terms are negative. Classically182

let 2Z∗ denote the set of even nonzero integers, Z\2Z the set of odd integers,183

Z+\2Z the set of positive odd integers and Z−\2Z the set of negative odd184

integers.185

Theorem 2 establishes that in the case where the first two terms are186

negative, the power can be obtained from an equivalent analogy with all187

terms positive, with the restriction that the power should be an integer.188

Therefore, the bounds for the analogical power of an analogy with the first189

two terms negative are given by the bounds for an equivalent analogy where190

all terms are positive.191
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Theorem 2. Given a, b, c, d ∈ R∗
+, with −a < −b < c, d, and p ∈ R, an192

analogy −a : −b ::p c : d exists if and only if either a : b ::p c : d for some193

p ∈ 2Z or a : b ::p d : c for some p ∈ Z\2Z.194

Sketch proof. The result is shown by raising the two sides of the equality to p,195

noticing that mp(−a, d)p =
1

2
((−a)p + dp) and mp(−b, c)p =

1

2
((−b)p + cp).196

197

Moreover, Theorem 3 shows that if the extremes are negative, the analogy198

can be written with positive terms, restricting to even values of p. Again,199

the bounds for the analogical power can be obtained from bounds for the200

positive terms.201

Theorem 3. Given a, b, c, d ∈ R∗
+, with −a < −d < b ≤ c, and p ∈ R, an202

analogy −a : b ::p c : −d exists if and only if a : b ::p c : d for some p ∈ 2Z.203

Sketch proof. As mp(b, c) is positive, mp(−a,−d) must be positive too, which204

only occurs for even p.205

When one of the terms is negative, and the analogical power is a non-206

null even number, the analogy can be equivalently written with the absolute207

value of the terms, and the bounds for the case in Theorem 1 will apply.208

Otherwise, the following theorem states that the equality of the generalized209

means must hold for an odd p.210

Theorem 4. Given a, b, c, d ∈ R∗
+, with b ≤ c, and p ∈ R \ 2Z∗, an analogy211

−a : b ::p c : d exists if and only if −ap + dp = bp + cp and p ∈ Z\2Z.212

Sketch proof. As mp(b, c) is positive, mp(−a, d) must be positive too, which213

can only occur for p ∈ Z, but as we excluded p ∈ 2Z∗, p must be an odd214

number.215

In summary of all the remarks above, the determination of the analogical216

powers of all cases of analogies where the terms are non-null, can be deduced217

by the inspection of only two cases, a : b ::p c : d and −a : b ::p c : d, where a,218

b, c and d are positive. Therefore, the sequel of the present paper examines219

the bounds of analogical powers for these two cases.220

In addition, all cases where some of the terms are null lead to an infinite221

number of analogical powers (e.g., 0 : 0 ::p d : d ⇒ p ∈ R+ ∪ {+∞}), or to222

an infinite power (e.g., for b < d, 0 : b ::p d : d ⇒ p = +∞), except for one223
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case. This one case is 0 : ±b ::p ±c : ±d, which can be equivalently written224

with one null term and three strictly positive terms, given some restrictions225

on p, which Theorem 1 covers.226

3. Bounds for analogies with positive terms only227

In a previous article (Lepage and Couceiro, 2024), it was briefly mentioned228

how, given a quadruple of positive numbers, one can determine the power229

p of the analogy in p by means of a bisection method starting from −∞230

and +∞. Below, we exhibit finer bounds for p. These bounds have been231

presented in (Lepage and Couceiro, 2025), but here we give a shorter and232

more direct version of the proofs.233

Theorem 5. Bounds with positive terms.

∀p ∈ R, ∀(a, b, c, d) ∈
(
R∗

+

)4
, 0 <a < b ≤ c < d,

a : b ::p c : d ⇒ 1

log2 a/b
≤ p ≤ 1

log2 d/c

0 : b ::p c : d ⇒ 1

log2 d/b
≤ p ≤ 1

log2 d/c

Figure 1 illustrates for a particular analogy how the analogical power is234

located between the bounds calculated by Theorem 5.235

The remainder of this section consists of the proof of Theorem 5.236

3.1. Upper bound237

Firstly, we consider a positive p and two real numbers a and d such that238

0 ≤ a < d.239

dp ≤ ap + dp ≤ 2dp

⇔ dp ≤ 2× 1

2
(ap + dp) ≤ 2dp

⇔ (dp)1/p ≤ 21/p×
(
1

2
(ap + dp)

)1/p

≤ 21/p(dp)1/p

⇔ d ≤ 21/pmp(a, d) ≤ 21/pd

⇔ d

21/p
≤ mp(a, d) ≤ d

9
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Figure 1: The solid curve shows the generalized means for a = 2 and d = 5, with p in
abscissae. The dotted curve shows the same for b = 3.5 and c = 4.5. The power p of the
analogy a : b ::p c : d is the argument of the intersection point of the solid and dotted
curves. In this case, p ≃ 3.06. The clear area indicates the interval to explore to find this
power. It is delimited by the bounds obtained using Theorem 5, here −1.24 and 6.58.
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The first sequence of inequalities is true because p is positive, a is non-
negative, and d is greater than a. Raising to the power 1/p does not change
the order of the inequalities because p is positive.3 We apply this result to
two other real numbers b and c such that 0 < b ≤ c.

b

21/p
≤ mp(b, c) ≤ c

Taking the additive inverses reverses the direction of the inequalities.

−c ≤ −mp(b, c) ≤ − b

21/p

We combine the two previous inequalities under the assumption of an240

analogy in power p, a : b ::p c : d. That is, we suppose the equality of the241

generalized means in p.242

∀p ∈ R+, ∀(a, b, c, d) ∈
(
R∗

+

)4
, 0 ≤ a < b ≤ c < d,243

a : b ::p c : d ⇒ d

21/p
− c ≤ mp(a, d)−mp(b, c)︸ ︷︷ ︸

= 0

⇒ d

21/p
≤ c

⇒ d

c
≤ 21/p

⇒ log2

(
d

c

)
≤ 1

p

⇒ p ≤ 1

log2 (d/c)

Since the term 1/(log2 d/c) is positive, the inequality holds for non-positive244

p too.245

3There is a similar well-known result for the Lp norm:

∀p ∈ R+, ∀x⃗ ∈ Rn, ∥x⃗∥+∞ ≤ ∥x⃗∥p ≤ n1/p ∥x⃗∥+∞.
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3.2. Lower bound for a ̸= 0246

Similarly, we consider a negative p and two positive non-zero real numbers247

a and d such that 0 < a < d.248

ap ≤ ap + dp ≤ 2ap ⇔ ap ≤ 2× 1

2
(ap + dp) ≤ 2ap

⇔ 21/p (ap)1/p ≤ 21/p×
(
1

2
(ap + dp)

)1/p

≤ (ap)1/p

⇔ 21/p a ≤ 21/pmp(a, d) ≤ a

⇔ a ≤ mp(a, d) ≤
a

21/p

From the first to the second lines and from the third to the fourth lines, the249

inequalities are reversed because p and hence 1/p are negative.250

With b and c such that 0 < b ≤ c, we have

b ≤ mp(b, c) ≤
b

21/p
.

Therefore,251

∀p ∈ R−, ∀(a, b, c, d) ∈
(
R∗

+

)4
, 0 < a < b ≤ c < d,252

a : b ::p c : d ⇒ mp(a, d)−mp(b, c)︸ ︷︷ ︸
= 0

≤ a

21/p
− b

⇒ 0 ≤ a

21/p
− b

⇒ b ≤ a

21/p

⇒ 21/p ≤ a

b

⇒ 1

p
≤ log2

(a
b

)
⇒ 1

log2 (a/b)
≤ p

Once more, as the term 1/(log2 a/b) is negative, the inequality holds for253

non-negative p too.254
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3.3. Lower bound for a = 0255

If a = 0, then mp(a, d) = mp(0, d) = d/(21/p), and so mp(0, d) ≤ d/(21/p).256

Thus ∀p ∈ R+, ∀(b, c, d) ∈
(
R∗

+

)3
, 0 < b ≤ c < d,257

0 : b ::p c : d ⇒ mp(0, d)−mp(b, c)︸ ︷︷ ︸
= 0

≤ d

21/p
− b

⇒ b ≤ d

21/p

⇒ 21/p ≤ d

b

⇒ 1

p
≤ log2

(
d

b

)
⇒ 1

log2 (d/b)
≤ p

3.4. Summarization258

To summarize this section, the combination of the inequalities above gives259

the bounds stated in Theorem 5.260

4. Bounds for analogies with one negative term261

It has been seen above that the only relevant case with negative terms262

is the case with one negative term only. The following theorem gives the263

bounds in that case.264

Theorem 6. Bounds with one negative term.265

∀p ∈ Z+\2Z ∀(a, b, c, d) ∈
(
R∗

+

)4
, a < d ∧ b ≤ c < d,266

− a : b ::p c : d ⇒

max

{
1

log3 d/min{a, b}
,

1

log2 d/max{b,min{a, c}}

}
≤ p ≤ 1

log3 d/max{a, c}

Note that the values given in the lower bound can happen to be less267

than 1. In this case, of course, as we supposed 1 ≤ p, 1 will be the actual268

lower bound.269
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4.1. Upper bound270

Proof. Remind that we only consider the case where p is a positive odd271

integer. We thus exploit (−a)p = −ap.272

−a : b ::p c : d ⇔ (−a)p + dp = bp + cp

⇔ −ap + dp = bp + cp

⇔ dp = ap + bp + cp

⇔ 1p =
(a
d

)p
+

(
b

d

)p

+
( c
d

)p
⇔ 1 =

(a
d

)p
+

(
b

d

)p

+
( c
d

)p
The function xp is a non-decreasing function for positive p. Consequently,273

max{(a/d)p , (b/d)p , (c/d)p} = (max{a/d, b/d, c/d})p.274

1 =
(a
d

)p
+

(
b

d

)p

+
( c
d

)p
⇒ 1

3
≤ max

{(a
d

)p
,

(
b

d

)p

,
( c
d

)p}
⇒ 1

3
≤
(
max

{
a

d
,
b

d
,
c

d

})p

⇒ 1

3
≤
(
1

d
max{a, b, c}

)p

⇒ − ln 3 ≤ p ln

(
1

d
max{a, b, c}

)
⇒ p ln

(
d

max{a, b, c}

)
≤ ln 3

⇒ p ≤ ln 3 / ln

(
d

max{a, b, c}

)
⇒ p ≤ 1 / log3

(
d

max{a, b, c}

)
As we have supposed that b ≤ c, we can write:275

p ≤ 1 / log3 (d/max{a, c}) .

276

14



4.2. Lower bounds277

Proof. We compute several lower bounds and their maximum:

max

{
ln(1/3)

ln(min{a, b}/d)
,

ln(1/2)

ln(max{b,min{a, c}}/d)

}
≤ p.

The first lower bound is similar to the upper bound. By exchanging max278

with min and changing the direction of the inequalities in the proof above,279

one gets:280

1 / log3 (d/min{a, b}) ≤ p. (4)

Notice that, instead of max{a, c} in the upper bound, here we have min{a, b}281

since we suppose b ≤ c.282

To compute the second lower bound, we make an observation about the283

second greatest term in the sum (a/d)p + (b/d)p + (c/d)p. Since all terms284

in this sum are nonzero and positive, and since the sum is equal to 1, the285

second greatest term cannot be greater than 1/2.4 We can give a formula286

for this second-greatest term. Recall that we supposed that b ≤ c, but we287

do not know how a is positioned relative to b and c. Under these conditions,288

the second greatest term is ((max{b,min{a, c}})/d)p. From the constraint of289

being less than 1/2, we derive:290

(max{b,min{a, c}}/d)p ≤ 1

2
⇔ − 1

log2(max{b,min{a, c}}/d)
≤ p

⇔ 1

log2(d/max{b,min{a, c}})
≤ p.

Note that, because d is greater than a, b, and c, the argument of the log in291

the denominator is greater than 1, hence the logarithm is positive.292

5. Approximation of analogical powers293

After studying how we can frame the analogical power of an analogy294

between a lower and an upper bound, we turn to the problem of directly295

computing the analogical power.296

4Either the greatest term is larger than 1/2, and then the second term is necessarily
less than 1 minus this greatest term, i.e., less than 1/2, or the greatest term is less than
1/2, and by definition, the second greatest term being less than the greatest term, it is
less than 1/2.
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When negative terms are considered, the generalized means assume com-297

plex values, and the existence of an analogical power is very sensitive to the298

input values. For example, according to Theorem 3, an analogy of the form299

−a : b ::p c : −d only holds for even p, in which case |a|p + |d|p = |b|p + |c|p.300

A slight variation in one of the inputs changes the solution, p, to the equa-301

tion involving the absolute value of the terms. Thus, p is no longer an even302

number, and an analogical power no longer exists.303

In the following, we restrict ourselves to the case of analogies with positive304

terms. Under this condition, the generalized means, as functions of p, are305

infinitely differentiable.306

In the general case, solving the equation mp(a, d) = mp(b, c) for p is not307

an easy problem. As mentioned earlier, an algorithm based on the bisec-308

tion method has been proposed and implemented. By construction of this309

algorithm, multiple recursive calls are executed until reaching a condition of310

convergence. The program is reasonably fast, but any speed-up is always311

welcome. A direct computation using some analytical approximation can312

thus be examined in place of this procedure if the computation time and the313

quality of the approximation are satisfactory.314

We note that the problem of determining the analogical power, given315

four terms, is ill-conditioned for a ≈ b, c ≈ d and ad ≈ cd. This is shown316

in Appendix B. If a = b and c = d, any p is an analogical power, and if317

ad = bc, the terms are in geometric analogy and p = 0.318

In Subsection 5.1, we first study an approximation of the generalized319

means function via a generalized sigmoid. As the slope of the sigmoid can be320

controlled by a parameter, which we call B, we first consider constant val-321

ues of B that can be derived from natural considerations. We then inspect322

different proposals for B as a function of the two arguments of the gener-323

alized means. These proposals rely on an attempt to make the derivatives324

of the generalized means and the approximating sigmoid coincide at 1. We325

graphically evaluate which proposal gives the best approximation.326

In Subsection 5.2, we then approximate the analogical power using the327

previously proposed approximations of the generalized means using the dif-328

ferent values of B proposed. In addition, we also propose formulae for B that329

depend on the four terms in the analogy and even discuss the efficiency of330

some proposals that were shown to be inefficient in terms of approximation331

or computation time.332
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Figure 2: Top left : graph of the generalized means of a = 2 and d = 5, with p on the
horizontal axis. In particular, the values of the harmonic (2.86), geometric (

√
2× 5 =√

10.0 ≃ 3.16), arithmetic (3.5), and quadratic (3.81) means are indicated. Similarly, the
limits at −∞ and +∞ are the minimum and maximum, i.e., 2 and 5, respectively. The
three other graphs superimpose approximations in red on the graph of the generalized
means.
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Figure 3: Same as Figure 2, but zooming on the abscissa of the interval [−4, 6].
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5.1. Approximation of the generalized means333

Sigmoid. The graph of the generalized means between two positive real num-334

bers looks like a sigmoid. However, one needs to observe that there is no cen-335

tral symmetry around a particular point. Figure 2 shows that the behavior336

before 0 is not symmetrical to the behavior right after 0. The reader should337

observe that the shape is more round after 0. Appendix A provides a proof338

that there is no central symmetry in the general case.339

We approximate the curve of generalized means between a and d using a340

sigmoid function. The general formula is as follows:341

1

1 + e−p
(5)

It supposes that there is a central symmetry relative to 0 (−p = 0− p). For342

our case, we consider that a better supposed central point, that does not343

exist as we have shown above, would be 1. Hence, we choose the function344

below:345

1

1 + e(1−p)
(6)

As this function should be framed between a and d (with a < d), we linearly346

shift it by a and scale it using a factor of d − a. An approximation of the347

generalized mean is the following one:348

a+
d− a

1 + e(1−p)
. (7)

It verifies the following properties:349

• when p tends towards −∞, it tends towards a;350

• when p is equal to 1, it is equal to the arithmetic mean
1

2
(a+ d);351

• when p tends towards +∞, it tends towards d.352

Introduction of factor B. To control the slope of the function, we introduce353

a factor B > 0 in the exponential of the denominator.354

Definition 3. Approximation of mp with sigmoid parametrized by B.355

356

m̃p(a, d) = a+
d− a

1 + eB(1−p)
. (8)
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Figure 4: Sigmoid approximation of mp(2, 5) according to Definition 3. Different values
of B show that B controls the slope of the sigmoid.

If B is positive and non-null, its introduction does not influence the values357

taken for p = −∞, 1 and +∞. Figure 4 illustrates the effect of varying B.358

When B is larger, the slope of the sigmoid is sharper, and when B tends359

toward 0, the sigmoid tends toward the horizontal line y = m1(a, d). When360

compared with the actual curve of the generalized means of the two numbers a361

and d, the sigmoid functions parametrized by B are located above or below it,362

and there should be some value of B that best approximates the generalized363

means. We shall explore several possible positive values for B.364

B = 1. The simple form of the approximation of the generalized mean func-365

tion using the sigmoid function in (7) is just the formula in Definition (3)366

with a value of 1 for B.367
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B = 2. The sigmoid function recast between a and d given in (7) looks368

somewhat unbalanced or not so symmetric relative to a and d. If we observe369

that a + (d − a)/(1 + e(1−p)) = (a − d)/(e−(1−p) + 1) + d, the use of e(1−p)
370

and e−(1−p) naturally triggers an attempt at using the hyperbolic cosine of371

1 − p: cosh (1− p) = (e(1−p) + e−(1−p))/2. To take a and d into account,372

we introduce them in the hyperbolic cosine function as weights and consider373

the ratio between the hyperbolic cosine weighted by a and d and the true,374

unweighted, hyperbolic cosine.375

ae(1−p) + de−(1−p)

a+ d
e(1−p) + e−(1−p)

2

=
ae(1−p) + de−(1−p)

a+ d
× 2

e(1−p) + e−(1−p)

=
2

a+ d
× ae(1−p) + de−(1−p)

e(1−p) + e−(1−p)

=
1

m1(a, d)
× ae(1−p) + de−(1−p)

e(1−p) + e−(1−p)
(9)

With this, the values at 1 and the infinities are respectively 1, a/m1(a, d),376

and d/m1(a, d). To recast this function to the generalized means, and ensure377

that the values at 1 and the infinities are m1(a, d), a, and d respectively, we378

eliminate the factor m1(a, d) in the denominator. We write:379

ae−(1−p) + de(1−p)

e−(1−p) + e(1−p)
. (10)

Figure 2 gives the graph of this function superimposed onto the graph of380

the generalized means for particular values of a and b. It shows that this381

function can be used as an approximation of the generalized means. Now,382

by observing that383

ae−(1−p) + de(1−p)

e−(1−p) + e(1−p)
= a+

d− a

1 + e2(1−p)
, (11)

we see that this is just Definition 3 with a value of 2 for B.384

B for equal derivatives of mp and m̃p at 1. Alternatively, we consider a B385

depending on a and d for which the derivative at p = 1 is equal to the386

derivative of the generalized mean, besides meeting the expected values at 1387
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and the infinities. Appendix C shows how this value can be derived from388

the calculation of the derivatives. To simplify the expression, we define5389

h(x) = −x log x (12)

and390

η(x, y) = h(
1

2
(x+ y))− 1

2
(h(x) + h(y))

= h(m1(x, y))−m1(h(x), h(y)). (13)

With this,391

B = 4× η(a, d)

d− a
. (14)

Figure 3 provides a zoom around [−4, 6] showing that the approximation392

around 1 using (14) is of better quality than the ones obtained with constant393

values of B.394

5.2. Approximation of analogical powers395

The intersection of the curves for a and d and b and c obtained using Def-396

inition 3 is the point p̃ such that m̃p̃(a, c) = m̃p̃(b, c). It is an approximation397

of the analogical power of the analogy a : b ::p c : d. Its computation is as398

follows.399

a+
d− a

1 + eB(1−p̃)
= b+

c− b

1 + eB(1−p̃)
⇔ (d− a)− (c− b)

1 + eB(1−p̃)
= (b− a)

⇔ (d− c) + (b− a)

b− a
= 1 + eB(1−p̃)

⇔ d− c

b− a
+ 1 = 1 + eB(1−p̃)

⇔ d− c

b− a
= eB(1−p̃)

5Let us note that h is an extension of a point-wise entropy (extension because x and
y may be greater than 1) and η is a measure of the concavity (or convexity) of h.
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a+
d− a

1 + eB(1−p̃)
= b+

c− b

1 + eB(1−p̃)
⇔ p̃ = 1− 1

B
ln

d− c

b− a

⇔ p̃ = 1 +
1

B
ln

a− b

c− d
(15)

Remark. It should be observed that, in the case where a− b = c−d, i.e., the
case of arithmetic analogy, this approximation is exact because

p̃ = 1 + log 1 = 1 = p.

We inspect below the consequences of using the different values of B400

proposed above in (15).401

B = 1. In the case where B = 1, the approximation of the analogical power402

for the analogy a : b ::p c : d is thus p̃ = 1 + ln((a− b)/(c− d)).403

B = 2. Through Equation (11), Formula (10) has been shown to be equiv-404

alent to Definition 3 with a value of 2 for B. The approximation of the405

analogical power is thus p̃ = 1 + 1/2 ln((a − b)/(c − d)) in this case. Ap-406

pendix E shows how this value can also be computed directly from the407

function defined in (10).408

B for equal derivatives of mp and m̃p at 1. Formula (14) depends solely on409

two terms, a and d, and not on the four terms in the analogy. This has to do410

with solving the equality of generalized means in the first line leading to (15).411

Choosing 4× (η(a, d))/(d− a) implies that there are no guarantees that the412

derivatives for mp(b, c) and m̃p(b, c) will be equal at p = 1.413

In the experiments reported below, we set

B = B(a, d) = 4× η(a, d)

d− a
.

The general expression of the approximate analogical power is:

p̃ = 1 +
1

4

d− a

η(a, d)
ln

a− b

c− d
.

In experiments not reported here, we also tried B = B(b, c), and the arith-414

metic mean of B(a, d) and B(b, c). The results showed that taking B =415

B(a, d) delivers a reasonably small difference on average with the exact ana-416

logical power, while takingB = B(b, c) is disastrous, with an average absolute417
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difference of 15 to 16 between the approximation and the actual value of the418

analogical power. Now, taking the arithmetic mean of B(a, d) and B(b, c)419

was slightly worse than the approximation with B = 1.420

B such that the derivatives of the differences of the generalized means of the
outer terms and the inner terms of the analogy are the same for the exact
and approximate generalized means at 1. The equality of these derivatives of
differences is:

∂(mp(a, d)−mp(b, c))

∂p
=

∂(m̃p(a, d)− m̃p(b, c))

∂p
.

Appendix D shows how B can be computed from both derivatives of mp421

and m̃p with respect to p. This computation leads to the value:422

B = 4× η(a, d)− η(b, c)

(d− a)− (c− b)
(16)

B as twice the ratio of the sum of the differences of the outer terms and of423

the inner terms and the sum of the terms. Finally, we also consider a value424

of B that is reasonably simple and fast to compute:425

B = 2× (d− a) + (c− b)

a+ b+ c+ d
. (17)

Notice that this form is balanced in the use of the outer terms and the inner426

terms. It ensures that B is positive as we require it to be. It is invariant427

to multiplication by any positive factor, as is the analogical power itself (for428

any λ > 0, a : b ::p c : d =⇒ λa : λb ::p λc : λd). Moreover, it increases with429

c and d, but decreases with a and b, following the slope of the generalized430

means.431

Experimental results reported below show that, on average, this formula432

delivers a better approximation, with the least standard deviation among all433

values for B.434

5.3. Experiments435

We now report experiments to inspect under which conditions the approx-436

imated p is framed between the bounds exhibited in the previous sections.437

When the conditions are met, this can help accelerate programs. Because438

of the property of invariance of numerical analogy under multiplication, the439
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Table 2: Computation times for bounds and analogical powers over one million analogies
using different values for B

Computation Method Time (s)

Bounds

Lower bound
Theorem 5

0.13
Upper bound 0.13

Powers

Bisection method (Lepage and Couceiro, 2025) 1.73

Approximation

B = 1 0.13
B = 2 0.14

B = 4× η(a, d)

d− a
0.41

B = 4× η(a, d)− η(b, c)

(d− a)− (c− b)
0.66

B = 2× (d− a) + (c− b)

a+ b+ c+ d
0.20

experiments were restricted to numerical values in the interval [0; 100]. The440

sampling consists of 1 million analogies. The results are listed in Table 2441

for times and Tables 3 and 4 for different statistics obtained using different442

values of B. The best B which balances speed and quality of approximation443

is given by Formula (17), i.e., B = 2× ((d− a) + (c− b))/(a+ b+ c+ d).444

Speed (Table 2). When using a constant value of B, the computation of the445

approximated value of the analogical power is more than 13 times as fast446

(0.13 s for one million analogies) as the exact computation of the value using447

the bisection algorithm described in (Lepage and Couceiro, 2025) (1.73 s).448

Formula (14) involves some computational cost. It is only 3 times as fast449

(0.41) as the exact computation. Formula (16) requires even more time450

because its formula is heavier. For Formula (17), the computational cost is451

less: it is almost 9 times as fast as the exact computation.452

Quality of approximation (Table 3). The value computed by the approxima-453

tions was equal to the value computed by the bisection algorithm in only454

2% of the cases. The same percentage is observed for all approximations.455
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Table 3: Percentage of cases where the approximated analogical power is equal to the
exact power and percentage of cases where it falls within the theoretical bounds of
Section 5, obtained using different values for B

Computation of powers Formula Percentage of cases (%)
Approx. value
= exact value

Approx. value
within bounds

Bisection method 100 100
B = 1 2 96
B = 2 2 99

B = 4× η(a, d)

d− a
(14) 2 97

B = 4× η(a, d)− η(b, c)

(d− a)− (c− b)
(16) 2 98

B = 2× (d− a) + (c− b)

a+ b+ c+ d
(17) 2 99

Table 4: Absolute difference between the approximated and exact analogical powers using
different values for B

Computation of powers Formula Difference in absolute value
Average ± Std. dev. Max. diff.

Bisection method 0.00 ± 0.00 0.00
B = 1 1.15 ± 2.55 44.17
B = 2 1.49 ± 2.86 45.35

B = 4× η(a, d)

d− a
(14) 0.77 ± 1.63 42.93

B = 4× η(a, d)− η(b, c)

(d− a)− (c− b)
(16) 0.57 ± 1.66 42.97

B = 2× (d− a) + (c− b)

a+ b+ c+ d
(17) 0.37 ± 1.43 39.78
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Closer inspection reveals that these cases correspond to arithmetic analogies456

for which, indifferently of the values of B, log(a − b)/(c − d) = log 1 = 0,457

which makes the approximated power correctly equal to 1.458

We inquire whether the powers computed by the various approximations459

are framed between the bounds given in Section 5. All approximations fall460

massively within the bounds, but some variations are observed across the461

approximations. The constant value of B = 2 and Formulae (17) yield ap-462

proximations which are almost always framed between the bounds, in 99% of463

the cases. For the other values of B, slightly lower percentages are obtained464

(96%, 97% and 98%).465

Difference with the exact value (Table 4). We compute the absolute difference466

between the approximated value of the analogical power and its exact value467

computed by the bisection algorithm. When the basic approximation of the468

generalized mean with a sigmoid without B is used, or, equivalently, for469

B = 1, the absolute difference is 1.15 on average with a standard deviation470

of 2.55. Although B = 2 yields an increase in average and standard deviation471

(1.49± 2.86), the average is successively reduced in comparison with B = 1472

using the values for B in Formulas (14) and (16) until the least value obtained473

with Formula (17): 0.77, then 0.57, down to 0.37. The standard deviation474

fluctuates for all formulae, with the highest values for B = 1 and B = 2 (2.55475

and 2.86). The other formulae yield smaller and similar standard deviations,476

with the best one observed for (17): 1.43. In total, Formula (17) yields the477

best results for both average and standard deviation. Figure 5 shows the478

distributions of these absolute differences for the different values of B. The479

last graph clearly exhibits a higher concentration towards 0.480

Use in actual implementation. To summarize the study of different values481

of B for approximated computation of the analogical powers, Formula (17)482

looks like the best compromise between execution time and quality of ap-483

proximation.484

6. Reconstruction of images485

To confirm the reliability and the usefulness of the approximations pro-486

posed above, we run an experiment in the reconstruction of images using487

analogical pooling. The main purpose of this experiment is to compare the488

exact computation of powers with their approximate computation in a prac-489

tical setting. Still, we provide a baseline to demonstrate the potential of a490
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Figure 5: Distribution of the absolute values of the differences between the values com-
puted by approximation and by the bisection algorithm, over a sample of one million
analogies. The values for the factor B are indicated in the respective legends.
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method based on numerical analogy in this setting. The method considers491

each patch of 2 × 2 pixels in an image as an analogy. Each patch can thus492

be represented by its analogical power, plus some information on the order493

the terms of the analogy are to be read from the patch. Consequently, each494

patch can be replaced by only one pixel, capturing the previous information.495

A square image is successively reduced from a size of n×n to (n−1)×(n−1)496

down to possibly only one pixel. This is the reduction step. An algorithm497

that reads in a reduced image of size (n − 1) × (n − 1), plus the analogical498

powers and the orderings, can construct an image of size n × n by solving499

analogical equations of the type a : b ::p: c : x for x along a suitable enu-500

meration of the patches. The exact description of the method can be found501

in (Pilimon et al., 2025).6502

We apply the above-described method to 10 images from the MNIST503

dataset (LeCun et al., 1989), i.e., images of hand-written digits of size 28×28,504

in two settings:505

• using the exact computation of analogical powers according to the al-506

gorithm described in (Lepage and Couceiro, 2025) starting from the507

bounds given in Section 3;508

• using the approximation proposed in Section 5.509

Time. The time to reconstruct the 4×10 = 40 images shown in Appendix F510

was 30.62 seconds in total using exact computation of analogical powers, i.e.,511

without approximation. Now, using approximation, this time was reduced512

to 29.13 seconds. This is how much time it takes to reduce the images using513

analogical pooling step-by-step, the number of steps indicated at the top of514

the images, and to reconstruct them back. In addition to the computation515

of analogical powers for analogical pooling, this includes scanning all patches516

of an image, solving analogical equations, storing/reading images, etc. Al-517

though the difference in times sounds small, it conforms to expectations7.518

The gains obtained in Section 5 are drowned in the total computation here.519

6This method does not perform compression. Each reduction step stores more infor-
mation than the n× n image contains.

7The reduction is 30.62 − 29.13 = 1.49s. There are 40 ×
(∑27

n=1 n
2
)

= 277, 200 >

1/4 × 106 computations of analogical powers in total. Table 2 suggest a reduction of
(1.73 − 0.20)/4 = 0.38s. The rest should be attributed to other computations that also
use the approximations, like the computation of generalized means.
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Figure 6: The values of different metrics plotted against the number of reconstruction
steps of MNIST images for a method that uses numerical analogy, with or without ap-
proximation, and for a baseline that does not use numerical analogy. Top left: Mean
Squared Error (MSE), the lower the better; top right: Peak Signal to Noise Ratio (PSNR),
the higher the better; bottom left: Structural Similarity Index Measure (SSIM), the higher
the better; bottom right: Learned Perceptual Image Patch Similarity (LPIPS), the lower
the better.
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Quality. One would reasonably expect that the quality of the images re-520

constructed using the approximation of analogical powers deteriorates in521

comparison with the images reconstructed using the exact computation of522

powers. Experimental results show the contrary. The quality of the images523

reconstructed using approximations is improved. This can be observed by524

comparing the images in Appendix F. This is confirmed using four objec-525

tive evaluation metrics of standard use in image processing. These metrics526

compare an image to a ground truth image, in our case, the original image.527

The graphs in Figure 6 plot the averages for the reconstruction of a sample of528

100 images, 10 per digit, from the MNIST dataset. According to all metrics,529

the images reconstructed using approximations are of better quality than530

the images reconstructed using exact computation of analogical powers. The531

exact reason for this phenomenon has still to be inspected, but the images532

in Appendix F show that the power approximation prevents an effect seen533

when using exact powers, that vertical bars, e.g., at the top of 5 or at the534

bottom of 2, tend to fade away when the number of steps increases. Images535

using the approximation of powers undergo some smoothing that prevents536

this from happening, and thus compare better with the original images.537

Although the main goal of this experiment is to assess the use of ap-538

proximation in comparison to exact computation, Figure 6 also provides a539

baseline that does not make use of numerical analogy. This baseline uses540

average pooling to reduce the image size and bilinear interpolation in re-541

construction. Bilinear interpolation estimates the value of a reconstructed542

pixel by taking a weighted average of the four nearest pixels in the original543

image. It first interpolates in one direction (e.g., horizontally) between two544

neighboring pixels, and then interpolates the results in the other direction545

(vertically). The plots in Figure 6 demonstrate that using numerical analogy546

is superior to this baseline.547

Nonetheless, our experimental observations about the reduction in time548

and the positive impact of using approximations amply justify our theoretical549

work.550

7. Conclusion551

This article presented the notion of numerical analogy again and stated552

some fundamental results about it. This notion, based on that of generalized553

means, is centered around the notion of analogical power, which characterizes554

an analogy between four real numbers, when it exists. A direct computation555
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of analogical powers cannot be realized, as no directly solvable analytical556

formula exists for it.557

However, analogical powers can be framed within bounds. We have exhib-558

ited such bounds for the analogical powers of analogies between real numbers559

when these powers exist and are not special cases that do not require such560

bounds. These bounds are used in actual program implementations for com-561

puting analogical powers. They allow a bisection algorithm to use them as562

initial bounds and explore the interval between them, leading to an exact563

computation of analogical powers (up to machine precision).564

We have also proposed several practical approximations of analogical pow-565

ers and determined the percentage of cases in which such approximate val-566

ues are reasonable, i.e., are framed by the bounds theoretically established.567

With respect to the acceleration of programs, the best approximation yields568

a practical speed-up of up to seven times in comparison with the bisection569

algorithm. An experiment in image reconstruction also confirmed in prac-570

tice the usefulness of the approximation of analogical powers, in terms of571

time and quality of results. Although the process was only applied here to572

MNIST images, it can be used with any real-world images, such as medi-573

cal images. Investigating the potential for image classification is part of our574

future research, which is already underway.575

The practical justification of the theoretical work presented in this paper576

is the acceleration of the computation of analogical powers. Speeding up577

is fundamental to support practical applications of numerical analogy to the578

different settings that we are currently exploring. One of them is in word em-579

bedding models, where we analyze the actual shape of word analogies through580

the inspection of analogical powers on each dimension of the word represen-581

tation space. The analysis of one word analogy requires the computation582

of several hundred numerical analogies in the usual word embedding models.583

Consequently, the inspection of dozens of thousands of word analogies entails584

the computation of millions of analogical powers. Fast computation allows585

us to run experiments and compare across various embedding models using586

various learning methods on various corpora. Another application also deals587

with word embedding models. Enforcing word analogies to be faithfully rep-588

resented as arithmetic analogies in each vector dimension can be achieved589

by designing loss functions that require frequent computation of analogical590

powers, since backpropagation is performed on their gradients. Since the591

computation must be performed for every word in the training corpus, which592

typically contains several million words, any practical implementation of such593
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loss functions requires the fast computation of analogical powers. Yet another594

setting where fast computation of analogical powers is required is image pro-595

cessing, the domain we chose solely for illustrative purposes. Our example596

did not involve learning and used only a small number of images. However,597

over sets of several tens of thousands of images, with basically n2 compu-598

tations for images of size n × n, the use of analogical pooling will require599

the computation of millions of analogical powers. Testing the usefulness of600

using images that undergo analogical pooling in tasks like classification using601

machine learning methods will obviously require fast computation.602

8. Acknowledgements603

This work was supported in part by a grant for a special research project604

from Waseda University, number 2025R-034, entitled “Numerical analogy:605

mathematical definitions and practical applications in machine learning”.606

This work was also partially supported by the French National Research607

Agency (ANR)8 project “Analogies: from theory to tools and applications”608

(AT2TA), ANR-22-CE23-0023. This work was also supported by Portuguese609

national funds through FCT under project UIDB/50021/20209. Additionally,610

the work was partially supported by the project Center for Responsible AI,611

reference C628696807-00454142.612

The experiments reported in Section 6 and Appendix F have been con-613

ducted by Jakub Pilimon, a master’s student at Waseda University.614

References615
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Appendix A. No central symmetry for the generalized mean func-681

tion in the general case682

Lemma 1. The curve of the generalized means of two different numbers has683

no central symmetry.684

Proof. If there were a central point for a certain p, it would necessarily be685

for a value of 1/2× (a+ d) because the limits of the function mp(a, d) at the686

infinities are a and d respectively for −∞ and +∞. This is the arithmetic687

mean, obtained for p = 1. If there were central symmetry around this point,688

the symmetry would hold for the two special values of the geometric mean689

(p = 0) and the quadratic mean (p = 2), equally distant from p = 1 on its690

left and on its right. The following equality would thus hold.691

m1(a, d) =
1

2
× (m0(a, d) +m2(a, d)) . (A.1)

The following developments show that this entails the equality of a and d.692

We first replace the arithmetic, geometric, and quadratic means with their693

definitions.694

m1(a, d) =
1

2
× (m0(a, d) +m2(a, d))

⇔ 1

2
× (a+ d) =

1

2
×
(√

ad+
√

1/2× (a2 + d2)
)

⇔ a+ d =
√
ad+

1√
2

√
a2 + d2

We raise to the power of 2. This gives the following implication.695

m1(a, d) =
1

2
× (m0(a, d) +m2(a, d))

⇒ (a+ d)2 =

(√
ad+

1√
2

√
a2 + d2

)2

⇒ (a+ d)2 = ad+
1

2
(a2 + d2) +

2√
2

√
ad

√
a2 + d2

⇒ (a+ d)2 =
1

2
(a+ d)2 +

√
2
√
ad

√
a2 + d2

⇒ (a+ d)2 = 2
√
2
√
ad

√
a2 + d2
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We raise to the power of 2 again.696

m1(a, d) =
1

2
× (m0(a, d) +m2(a, d))

⇒ (a+ d)4 = 8ad(a2 + d2)

⇒ a4 + 4a3d+ 6a2d2 + 4ad3 + d4 = 8a3d+ 8ad3

⇒ a4 − 4a3d+ 6a2d2 − 4ad3 + d4 = 0

⇒ (a− d)4 = 0

To summarize, central symmetry implies a = d. In this case, all generalized697

means are equal to a = d, i.e., the curve of the function of generalized means698

degenerates into a horizontal straight line. Any point on the line defines a699

central symmetry for the curve.700

By contrapositive, a ̸= d implies that the equality does not hold, and,701

hence, that there is no central symmetry for the curve of the generalized702

means.703
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Appendix B. Stability and condition number704

The purpose of this appendix is to provide a study of the numerical705

stability of the proposed approximation of analogical powers. For that, we use706

the notion of condition number. The condition number of a mathematical707

problem measures how sensitive the solution is to small changes in the input708

data. In our case, it measures how much p varies when the input terms, i.e.,709

the terms of the analogy a, b, c, and d, change even slightly. For example, let710

a = 1− ϵ, b = 1, c = 2− ϵ, and d = 2, with ϵ a small number greater than 0.711

In this case, p = 1. If we now change c to 2, which corresponds to a very712

slight modification, p becomes infinite, because a and b are still different,713

but c and d become equal. Therefore, the generalized mean that makes an714

analogy is the maximum, which corresponds to an analogy in p = +∞. This715

suggests that the problem is ill-conditioned at (1, 1, 2, 2).716

Let (a, b, c, d) ∈ (R∗
+)

4. An analogical power p is implicitly defined by717

F (a, b, c, d, p) = 0, where718

F (a, b, c, d, p) =

{
ap + dp − bp − cp = 0, if p ̸= 0

ad− bc, otherwise,

provided that the four terms belong to

D = {(a, b, c, d) ∈ (R∗
+)

4 : a < b ≤ c < d}.

Under this condition, the analogical power exists and it is unique, by The-
orem 1. As F is differentiable on D × R∗, the Implicit Function Theorem
implies that if (a0, b0, c0, d0, p0) is such that

F (a0, b0, c0, d0, p0) = 0, wherever
∂F

∂p
(a0, b0, c0, d0, p0) ̸= 0,

then p is the unique differentiable function such that

p(a0, b0, c0, d0) = p0 and F (a, b, c, d, p(a, b, c, d)) = 0,

in a neighborhood of (a0, b0, c0, d0). Therefore, following (Trefethen and Bau,
1997, p. 90) and using the infinity norm, the relative conditioned number is
given by

κ(a, b, c, d) =
||∇p(a, b, c, d)||+∞ ||(a, b, c, d)||+∞

|p(a, b, c, d)|
.
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To facilitate the computation of the gradient, note that, for p ̸= 0,719

∂F (a, b, c, d, p)

∂p
= ap ln a+ dp ln d− bp ln b− cp ln c. (B.1)

Also, observe that720

∂F (a, b, c, d, p)

∂a
= pap−1, (B.2)

and similarly for the other three arguments b, c and d. Therefore, where the721

Implicit Function Theorem can be applied, to define the unique differentiable722

function p(a, b, c, d),723

∂p(a, b, c, d)

∂a
= −

∂F

∂a
(a, b, c, d, p)

∂F

∂p
(a, b, c, d, p)

= − pap−1

ap ln a+ dp ln d− bp ln b− cp ln c
, (B.3)

and similarly for b, c and d. Let

L(a, b, c, d) =
∂F

∂p
(a, b, c, d, p(a, b, c, d)) = ap ln a+ dp ln d− bp ln b− cp ln c.

The condition number is thus given by724

κ(a, b, c, d) =

∣∣∣∣max{pap−1, pbp−1, cp−1, pdp−1}
L(a, b, c, d)

∣∣∣∣×max{a, b, c, d}

|p|

=
max{ap−1, bp−1, cp−1, dp−1}

|L(a, b, c, d)|
×max{a, b, c, d}.

Lemma 2 indicates the points where we cannot apply the Implicit Func-725

tion Theorem.726

Lemma 2. Given (a, b, c, d, p) ∈
(
R∗

+

)4 × R∗, with a ≤ b ≤ c ≤ d, if

F (a, b, c, d, p) = 0 and
∂F

∂p
(a, b, c, d, p) = 0
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then a = b and c = d.727

Proof. Assume p ̸= 0. Let α = ap, β = bp, γ = cp and δ = dp. Then

α + δ = β + γ ∧ α lnα + δ ln δ = β ln β + γ ln γ.

Let s = α+ δ = β + γ, ϕ(x) = x lnx,10 and g(x) = ϕ(x) + ϕ(s− x). As ϕ728

is a strictly convex function in its domain, ϕ′ is a strictly increasing function.729

Therefore,730

g′(x) > 0 ⇔ ϕ′(x)− ϕ′(s− x) > 0

⇔ ϕ′(x) > ϕ′(s− x)

⇔ x > s− x

⇔ x >
s

2
.

Similarly, g′(x) < 0 iff x < s/2, and g′(x) = 0 iff x = s/2. Moreover, note
that g(x) = g(s− x). Therefore, if

g(α) = g(β),

i.e., α lnα + δ ln δ = β ln β + γ ln γ, then either α = β or α = s − β = γ.731

Hence, a = b (and d = c) or a = c (and d = b). As we assume a ≤ b ≤ c ≤ d,732

the only solution (for p ̸= 0) is (a, c) = (b, d).733

Following Lemma 2, we cannot apply the Implicit Function Theorem at734

(b, b, c, c, p). However, we know that if a is approximately b, but different,735

and c is approximately d, but different, the problem is ill-conditioned. For736

example, for ϵ > 0, p(b − ϵ, b, c, c + ϵ) = 1, but p(b − ϵ, b, c, c) = +∞ and737

p(b, b, c, c+ ϵ) = −∞.738

It remains to check the points where p ≈ 0. Consider the situation when739

the terms approximate the geometric analogy, i.e., d approaches bc/a and,740

consequently, p approaches 0.741

10Note that ϕ(x) = x lnx = −η(x). η has been introduced in Definition (13) in Sec-
tion 5.1 and is used in Appendix C and Appendix D. It appears through differentiation
with respect to the analogical power p.
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lim
d→bc/a

κ(a, b, c, d) = lim
d→bc/a

max{ap−1, dp−1, bp−1, cp−1}
|L(a, b, c, d)|

×max{a, b, c, d}

=
max{1/a, a/(bc), 1/b, 1/c}
limd→bc/a |L(a, b, c, d)|

×max{a, b, c, bc/a}

Since the numerator is non-null and742

lim
d→bc/a

L(a, b, c, d) = lim
d→bc/a

ap ln a+ dp ln d− bp ln b− cp ln c

= ln a+ lim
d→bc/a

ln d− ln b− ln c

= ln a+ ln

(
bc

a

)
− ln b− ln c = 0,

the problem is also ill-conditioned if the terms are near the geometric analogy.743
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Appendix C. Approximation function of generalized means with744

the same derivative at p = 1745

Theorem 7. The function

B : R+ × R+ → R

(a, d) 7→ 4× η(a, d)

d− a

is a function that, when used in the formula of Definition 3, allows for ap-746

proximating the generalized mean function of a and d. This approximation747

has the same value of derivative as the generalized mean function at p = 1.748

Note: B(a, d) is not defined for a = d.749

Proof. For the same value of the derivative at p = 1.750

We first compute the derivative of mp(a, d) with respect to p.751

∂

∂p
mp(a, d) =

∂

∂p

((
1

2
× (ap + dp)

)1/p
)

=
∂

∂p

((
1

2

)1/p

× (ap + dp)1/p
)

=

(
1

2

)1/p
∂

∂p

(
(ap + dp)1/p

)
+

∂

∂p

((
1

2

)1/p
)
(ap + dp)1/p

=

(
1

2

)1/p
∂

∂p

(
(ap + dp)1/p

)
− 1

p2

(
1

2

)1/p

× log
1

2
× (ap + dp)1/p

=

(
1

2

)1/p

× (ap + dp)1/p ×
(

∂

∂p

(
log (ap + dp)

p

)
− 1

p2
log

1

2

)
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Now,752

∂

∂p

(
log (ap + dp)

p

)
= − 1

p2
log (ap + dp) +

1

p

∂

∂p
(log(ap + dp))

=
1

p2

(
− log (ap + dp) + p

∂

∂p
(log(ap + dp))

)

=
1

p2

− log (ap + dp) + p

∂

∂p
(ap + dp)

ap + dp


=

1

p2

(
− log (ap + dp) + p

ap log(a) + dp log(d)

ap + dp

)
=

1

p2

(
− log (ap + dp) +

ap log ap + dp log dp

ap + dp

)
=

1

p2
1

ap + dp
(ap log ap + dp log dp − (ap + dp) log (ap + dp))

Therefore, at p = 1,753

∂

∂p
mp(a, d)

∣∣∣∣
p=1

=
1

2
× (a+ d)×

(
− log(a+ d) +

a log a+ d log d

a+ d
− log

1

2

)
=

1

2
× (a+ d)×

(
− log(a+ d) +

a log a+ d log d

a+ d
− log

1

2

)
=

1

2
× (a+ d)×

(
a log a+ d log d

a+ d
− log

(
1

2
(a+ d)

))
=

1

2
(a log a+ d log d)− 1

2
(a+ d) log

(
1

2
(a+ d)

)
= −1

2
(a+ d) log

(
1

2
(a+ d)

)
− 1

2

(
− a log a− d log d

)
.

Recall that we defined η(x, y) = h(m1(x, y))−m1(h(x), h(y)) where h(x) =754

−x log x and m1 is the arithmetic mean. With this, we have:755

∂

∂p
mp(a, d)

∣∣∣∣
p=1

= η(a, d).
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We then compute the derivative of m̃p(a, d) of Definition 3, with respect to p.756

∂

∂p
m̃p(a, d) =

∂

∂p

(
a+

d− a

1 + exp(B(1− p))

)
=

∂

∂p

(
d− a

1 + exp(B(1− p))

)
= (d− a)

∂

∂p

(
1

1 + exp(B(1− p))

)

= (d− a)

−

∂

∂p
(1 + exp(B(1− p)))

(1 + exp(B(1− p)))2



= (d− a)

−

∂

∂p
(exp(B(1− p)))

(1 + exp(B(1− p)))2


= (d− a)

(
(exp(B(1− p)))B

(1 + exp(B(1− p)))2

)

=
(d− a) exp(B(1− p))B

(1 + exp(B(1− p)))2

Therefore, at p = 1,757

∂

∂p
m̃p(a, d)

∣∣∣∣
p=1

=
(d− a)B

(1 + 1)2

=
(d− a)B

4

For the two derivatives above to be equal, i.e.,

(d− a)B

4
= η(a, d),

B must take the value

4× η(a, d)

d− a
.

758
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Appendix D. Computation of B such that the derivatives of the759

differences of the generalized means of the extremes760

and the means are the same for the exact and ap-761

proximate generalized means at 1762

In Appendix C it was proved that763

∂

∂p
mp(a, d)

∣∣∣∣
p=1

= η(a, d)

and
∂

∂p
m̃p(a, d)

∣∣∣∣
p=1

=
(d− a)B

4
.

Similarly, we have
∂

∂p
mp(b, c)

∣∣∣∣
p=1

= η(b, c)

and
∂

∂p
m̃p(b, c)

∣∣∣∣
p=1

=
(c− b)B

4
.

Therefore,764

∂

∂p
(mp(a, d)−mp(b, c))

∣∣∣∣
p=1

=
∂

∂p
(m̃p(a, d)− m̃p(b, c))

∣∣∣∣
p=1

⇔ η(a, d)− η(b, c) =
(d− a)B

4
− (c− b)B

4

⇔ B = 4× η(a, d)− η(b, c)

(d− a)− (c− b)
.

which is Formula (16).765
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Appendix E. Direct derivation of p̃ from the balanced approxima-766

tion of the generalized means767

Here, we use Formula (10) to give an approximation of the analogical768

power of a : b ::p c : d. We approximate the analogy by writing the equality769

of the approximation of the generalized means in a and d on the one hand770

and b and c on the other hand.771

ae(1−p̃) + de−(1−p̃)

e(1−p̃) + e−(1−p̃)
=

be(1−p̃) + ce−(1−p̃)

e(1−p̃) + e−(1−p̃)

⇔ ae(1−p̃) + de−(1−p̃) = be(1−p̃) + ce−(1−p̃)

⇔ (a− b)e(1−p̃) = (c− d)e−(1−p̃)

⇔ a− b

c− d
=

e−(1−p̃)

e(1−p̃)

⇔ a− b

c− d
= e−2(1−p̃)

⇔ ln
a− b

c− d
= 2(p̃− 1)

⇔ p̃ = 1 +
1

2
ln

a− b

c− d
(E.1)
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Appendix F. Reconstruction of images772

Original Step 1 Step 9 Step 18 Step 27

baseline

without approx.

with approx.

baseline

without approx.

with approx.

Figure F.7: Reconstruction of MNIST images from different analogical pooling steps using
a baseline method, average pooling followed by bilinear interpolation on the first row, and
analogical pooling followed by our proposed reconstruction method, using exact computa-
tion of analogical powers on the second row, and approximate computation of analogical
powers on the third row. Top left is the original image. Digits 0 and 1.

773
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Original Step 1 Step 9 Step 18 Step 27

baseline

without approx.

with approx.

baseline

without approx.

with approx.

Figure F.8: Same as Figure F.7, but for digits 2 and 3.
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Original Step 1 Step 9 Step 18 Step 27

baseline

without approx.

with approx.

baseline

without approx.

with approx.

Figure F.9: Same as Figure F.7, but for digits 4 and 5.
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Original Step 1 Step 9 Step 18 Step 27

baseline

without approx.

with approx.

baseline

without approx.

with approx.

Figure F.10: Same as Figure F.7, but for digits 6 and 7.
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Original Step 1 Step 9 Step 18 Step 27

baseline

without approx.

with approx.

baseline

without approx.

with approx.

Figure F.11: Same as Figure F.7, but for digits 8 and 9.
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